We introduce a new model for investigating spectral properties of quantum graphs, a quantum circulant graph. Circulant graphs are the Cayley graphs of cyclic groups. Quantum circulant graphs with standard vertex conditions maintain important features of the prototypical quantum star graph model. In particular, we show that the spectrum is encoded in a secular equation with similar features. The secular equation of a quantum circulant graph takes two different forms depending on whether the edge lengths respect the cyclic symmetry of the graph. As an application, we show how the secular equations can be used to obtain the spectral zeta function using a contour integral technique. Results for the spectral determinant and vacuum energy of circulant graphs are obtained from the zeta function.
Introduction
Quantum graphs were introduced as a model in quantum chaology by Kottos and Smilansky [19, 18] . Quantum graphs have also been used to investigate Anderson localization, carbon nanotubes, graphene, photonic crystals, superconductivity and waveguides, see Berkolaiko and Kuchment [7] , Gnutzmann and Smilansky [11] or Kuchment [20] for an introduction.
Star graphs, graphs with a single central vertex connected to any number of surrounding vertices of degree one, see Figure 1 (a), are a prototypical graph model. Every graph is locally a star graph at each vertex. Consequently, they are typically one of the first models to be investigated in many contexts. When studying spectral properties, results are often obtained for star graphs by exploiting the simple structure. So results are known for star graphs that have yet to be proved for other classes of graphs and results are often obtained first for star graphs, see for example [5, 6] . One feature that makes the star graph particularly amenable to investigation is that its spectrum is encoded in a simple secular equation. The secular equation for the Laplace operator on a star graph with standard conditions at the vertices is, E j=1 tan kL j = 0 ,
where the star has E edges each of length L j . When k is a solution of the secular equation (1) then k 2 is an eigenvalue of the Laplacian. This article introduces a new quantum graph model that develops the quintessential star graph paradigm, quantum circulant graphs. A circulant graph, see Figure 1 (b), is the Cayley graph of a cyclic group, see Section 2 for the definition. The distribution of the diameter of random circulant graphs was recently studied by Marklof and Strömbergsson [21] . While the distribution of diameters is a purely graph theoretic property, their approach, identifying circulant graphs with lattice graphs, has an analogy in the quotient graph technique used to identify the eigenvalues in the circulant graph spectrum that are also in the spectrum of the graph with Dirichlet vertex conditions, see Section 4.1. The quotient graph approach to analyze a graph with symmetry was introduced by Band et al, [2] and developed in [22] .
To illustrate the use of the simple form of the secular equation obtained for circulant graphs we apply the results to derive formulas for the vacuum energy and spectral determinant of the circulant graph models. The first step is to formulate the spectral zeta function from the secular equation following a contour integral technique introduced by Kirsten and McKane [16, 17] , and applied to graphs by Harrison, Kirsten and Texier [13, 14] . The vacuum energy of a graph was introduced as a model with a repulsive Casimir force on a star graph by Fuling and Wilson [10] . Further vacuum energy results for graphs are described in [1, 4, 12] .
The paper is arranged in the following way. In Section 2 we introduce the two varieties of quantum circulant graphs that we investigate. In Section 3 we derive the secular equation of circulant graphs with incommensurate edge lengths, the circulant graph equivalent of equation (1) . If instead the edge lengths are chosen to reflect the symmetry of the cyclic group corresponding to the circulant graph, the secular equation factorizes into a product of factors, where each factor has the form of the sum of tan functions seen in (1), Section 4. The two forms of the secular equation allow the graph eigenvalues to be calculated efficiently and numerical results are presented in Section 5. Using the secular equations we employ a contour integral technique to derive the related spectral zeta functions, Section 6. Results for the spectral determinant obtained from the zeta function are presented in Section 7 and Section 8 has equivalent results for the vacuum energy. We discuss extensions of the results presented in Section 9.
Circulant graphs
There are several equivalent characterizations of circulant graphs, [23] . For the purpose of this paper, we will use a primarily constructive definition. Let V = {1, . . . , n} be a set of n vertices, and let E denote the set of edges. To construct a circulant graph, C n (a) = (V, E), fix a vector of integers a = (a 1 , . . . , a d ), such that 0 < a 1 < a 2 < · · · < a d < n/2. 1 Two vertices i, j ∈ V are connected by the edge (i, j) ∈ E if and only if |i − j| ≡ a h (mod n) for some a h ∈ a. Figure 1 (a) shows the circulant graph C 6 (1, 2).
When a d < n/2, circulant graphs are 2d-regular, since each a h ∈ a contributes n edges. Additionally, C n (a) is connected if and only if gcd(a 1 , . . . , a d , n) = 1. We assume this holds for all circulant graphs that we study.
The adjacency matrix of a circulant graph is a circulant matrix.
Definition 1 (Circulant Matrix
). An m × m circulant matrix C is uniquely determined by a row vector c = (c 1 , . . . , c m ). The vector c becomes the first row of C and every subsequent row of C is a cyclic permutation of c, with each element c moved one place to the right relative to the previous row. The representer of C is the polynomial,
The determinant of a circulant matrix can be written in terms of the representer, see e.g. [9] .
where ω = exp 2πi m . In the case of real-valued coefficients this simplifies to,
p ω j 2 m even (4)
Quantum circulant graphs
In a quantum graph, each edge corresponds to an interval and we consider a differential operator acting on functions on the set of intervals. Let [0, L i,j ] be the interval associated with the edge (i, j) ∈ E, such that i corresponds to 0 and j to L i,j , or vice versa. The results are independent of the choice of orientation of the intervals. L i,j is referred to as the length of the edge (i, j) and we use the notation C n (L; a) for a circulant graph endowed with this metric. Functions ψ on C n (L; a) are (nd)-tuples of functions
The Hilbert space of the graph is then,
In this article, we study the spectrum of the Laplace operator ∆ on C n (L; a). On each edge ψ i,j satisfies the equation
The domain of the operator is the set of functions in the second Sobolev space H 2 [0, L i,j ] on each edge, which satisfy the standard (or Neumann-like) vertex conditions,
j∼i ψ i,j (i) = 0 .
We use ψ i,j (i) to denote the value of ψ i,j at the vertex i which corresponds either to x i,j = 0 or x i,j = L i,j . The derivative in equation (8) is taken in the outgoing direction from the vertex, so it is either ψ i,j (0) or −ψ i,j (L i,j ). The negative Laplacian is self-adjoint on the given domain [7] . An alternative set of vertex conditions for which the Laplace operator on the metric graph is self-adjoint are Dirichlet conditions, ψ i,j (i) = ψ i,j (j) = 0, for all (i, j) ∈ E .
A function satisfying Laplace's equation on [0, L i,j ] with Dirichlet boundary conditions is ψ i,j (x i,j ) = sin(nπx i,j /L i,j ). So with Dirichlet conditions the graph is broken up into a collection of independent intervals and the spectrum is the union of the spectrum on the intervals. We will refer to this as the Dirichlet spectrum of the graph,
We will also consider a more specialized metric for C n (L; a) which respects the symmetry of C n (a). Fix a vector = { 1 , . . . , h } and assign edge lengths to C n (L; a) such that the edge (i, j) has length h whenever |i − j| ≡ a h (mod n). We let C n ( ; a) denote a circulant graph with symmetric edge lengths.
Secular equation
Within the study of spectral properties of quantum graphs, an important tool is a secular equation. A secular equation is an equation whose roots correspond to the graph eigenvalues. In general, one may write a secular equation for a quantum graph using the 2 |E| × 2 |E| bond scattering matrix [7] . In the case of circulant graphs, however, we can adapt techniques used to study star graphs [3] to develop a more explicit secular equation.
Let Φ = (φ 1 , . . . , φ n ) T be a vector of the values of ψ at each of the vertices, φ j = ψ i,j (j). Then the solution to (6) on the edge (i, j) can be written
provided sin kL i,j = 0. The vector Φ defines an eigenfunction on C n (L; a) if the functions ψ i,j in equation (11) satisfy the vertex conditions. Substituting in equation (8), at vertex i,
which holds independent of the orientation of the intervals. Hence we have a system of n equations (12), one for each vertex. Writing the system in matrix form 
Secular equation with symmetric edge lengths
For a quantum graph C n ( ; a) with symmetric edge lengths M (k) is
Lemma 2. Let C n ( ; a) be a quantum circulant graph with an edge-symmetric metric. Then M (k) is a circulant matrix.
Proof. For each a h ∈ a, let Γ h := C n (a h ) be the subgraph containing only edges connected via a h , and let J h be its adjacency matrix. Each Γ h is also a circulant graph, so each J h is a circulant matrix.
As a linear combination of circulant matrices is a circulant matrix M (k) is a circulant matrix.
A representer of a circulant matrix was defined in equation (2) .
Corollary. The representer for the circulant matrix M (k) of a quantum circulant graph with an edgesymmetric metric is
In order to apply these results to the secular equation, we introduce functions p j (k) by evaluating p at ω j where ω = exp 2πi n .
We now have the following result.
Theorem 3. Let C n ( ; a) be a quantum circulant graph with symmetric edge lengths.
then λ = k 2 is an eigenvalue of C n ( ; a).
II. Let n be even. If k ∈ C \ D is a root of
Quotient graph
The secular equation described for the quantum circulant graph with symmetric edge lengths in Theorem 3 was obtained from the secular equation of a general quantum circulant graph, Theorem 1. Alternatively the spectrum with symmetric edge lengths can be obtained from the quotient graph, introduced by Band, Parzanchevski and Ben-Shach in [2, 22] . A symmetry of a quantum graph is an automorphism of the metric graph which preserves both the edge lengths and vertex conditions. For the circulant graph such a symmetry is the rotation σ where σ(v) = v +1. The group generated by σ is the cyclic group Z n . Irreducible complex representations of the cyclic group are S j , with j = 0, . . . , n − 1 where,
for θ j = 2πj/n. Let the eigenspace of the graph with eigenvalue λ be,
Then Φ(λ) can be decomposed into subspaces each transforming according to an irreducible representations S j ,
Where for an eigenfunction ψ in Φ j (λ),
For a symmetric circulant graph C n ( ; a) and representation S j one can construct a quotient graph C n ( ; a)/S j following the procedure defined in [2, 22] . Eigenfunctions of the quotient graph will be in bijection with the eigenfunctions on the circulant graph transforming according to a given irreducible representation S j . To construct the quotient graph on each edge of the circulant graph we introduce a dummy vertex at x = h /2 of degree two with Neumann-like conditions. A function on the graph is continuous with continuous first derivative at the new vertices. We will keep the original coordinates when introducing the dummy vertices so an edge corresponding to the interval [0, h ] is simply broken into subintervals [0, h /2] and [ h /2, h ]. with a dummy vertex of degree two joining them. Introducing such dummy vertices does not change the spectrum of the original graph and eigenfunctions on the original graph are obtained from eigenfunctions on the subdivided graph by joining corresponding edge pairs. Figure 2 (a) shows a circulant graph with dummy vertices.
The subgraph consisting of vertex 1 with the neighboring dummy vertices forms a fundamental domain. The whole circulant graph is generated by the action of σ on the fundamental domain. In the fundamental domain there are two edges with length h /2 for each h. The quotient graph is constructed by identifying the two dummy vertices on edges of length h in the fundamental domain, see Figure 2 (b). The quotient graph then has d vertices of degree 2. At these vertices we must introduce new vertex conditions which depend on the representation S j . 
The condition at the central vertex of the quotient graph is the standard vertex condition (7) and (8), as in the original circulant graph. Then the spectrum of the quotient graph is the subset of the spectrum of the circulant graph whose eigenfunctions transform according to the irreducible representation S j . A solution to (6) on the pair of edges h± can be written as a function defined piecewise on [0, h ],
Let φ be the value of an eigenfunction of the quotient graph at the central vertex. Assuming k = nπ/ h , n = 1, 2, . . .
Then for φ = 0,
which is equivalently p j (k) = 0 for 0 ≤ j ≤ n 2 . For j > n 2 , we define p j (k) := p n−j (k) since θ n−j = 2π − θ j . This is a secular equation for eigenvalues of C n ( ; a) in the subspace transforming according to S j excluding any eigenvalues in the Dirichlet spectrum. Note that eigenfunctions transforming according to the irreducible representation S j which vanish at all vertices of the circulant graph correspond to eigenfunctions on the quotient graph which vanish at the central vertex, φ = 0, in which case sin k h = 0 for some h and k = mπ/ h . So k 2 is in the Dirichlet spectrum of the circulant graph. To obtain the whole spectrum we must therefore take the union over j = 0, . . . , n − 1 and include any eigenvalues in the Dirichlet spectrum. To take the union over the representations we can multiply the secular equations obtaining Theorem 3.
Dirichlet spectrum
For a metric graph C n (L; a) the secular equation given in Theorem 1 only identifies values of k corresponding to eigenvalues when k is not in the Dirichlet spectrum of the graph. However, given a graph where the kspectrum and Dirichlet spectrum overlap this can be removed by perturbing the edge lengths L.
Because of the additional symmetry of the graph C n ( ; a), eigenvalues in the Dirichlet spectrum also appear with Neumann vertex conditions. To determine which Dirichlet eigenvalues occur and with what multiplicity, it is useful to return to the quotient graph.
Consider a value of k in the Dirichlet spectrum, then k = mπ/ g for some given value of g ∈ {1, . . . , d} and some fixed m ∈ N. Then, for h = g, solutions to (6) on the edge h of the quotient graph are given by the piecewise solution (31). However, on the edge g, we have the solution
where φ is the value of the eigenfunction of the quotient graph at the central vertex. By continuity, ψ g ( g ) = φ. Evaluating ψ g (x) at x = g , we obtain the condition
Clearly this is satisfied if φ = 0, which yields the quotient graph eigenfunction
on the edge set g and ψ h (x) = 0 for h = g. If we apply the Neumann condition (32) at the central vertex we see that, for a nontrivial solution, e iagθj = (−1) m .
For m even this requires ja h to be a multiple of n and for m odd 2ja h must be an odd multiple of n.
Returning to (35) and supposing that φ = 0, we see that e iagθj = (−1) m is now required to satisfy continuity at the central vertex. Substituting in the Neumann condition (32) with ψ g (0) = ψ g ( g ) we obtain,
The derivative of the left hand side of equation (38) with respect to an edge length is non-zero. Hence if this condition is satisfied for some set of edge lengths a perturbation of any edge length will remove this. If we consider choosing each of the edge lengths h ∈ (1 − , 1 + ) , then for almost all edge lengths equation (38) is not satisfied and the only Dirichlet eigenvalues correspond to eigenfunctions which vanish at the central vertex. This leads to the following lemma. 
and the corresponding eigenfunctions are zero at the graph vertices.
Note that, consequently when n is odd m 2 π 2 / 2 g is not in the spectrum for odd values of m and for any n m 2 π 2 / 2 g is always in the spectrum of the graph for even m.
Weyl Law
The result given in Theorem 3 is significant because it allows us to examine each p j (k) function individually for roots corresponding to eigenvalues. Differentiating the sum defining p j (k) term by term it is clear that each of p j (k) is strictly increasing for real values of k. Consequently there is exactly one root of p j (k) = 0 between each pair of adjacent asymptotes and to count roots of p j (k) = 0 in an interval (a, b) one can count asymptotes.
For p 0 (k) = 0, the spacing between asymptotes of tan(k h /2) is 2π/ h , so
where L = n d h=1 h is the total length of the graph. For p n/2 (k), which only occurs when n is even, the asymptotes are (2m − 1)π/ h for even a h and 2mπ/ h for odd a h . In either case, the spacing between asymptotes is 2π/ h and so (40) also bounds the number of roots of p n/2 (k) = 0.
For 1 ≤ j ≤ n−1 2 , the asymptotes of p j (k) will be zeros of sin(k h ), unless,
which is equivalent to the condition to see additional Dirichlet eigenvalues associated with this value of j, see lemma 4. Consequently, every missing asymptote corresponds to an additional Dirichlet eigenvalue. Let
Then, for a fixed j, if j / ∈ J h for any h = 1, . . . , d the number of roots of p j (k) = 0 in [a, b] is bounded by,
And if we replace the number of roots of p j with the number of eigenvalues associated with j, including Dirichlet eigenvalues satisfying the algebraic condition (41), then for any j,
To obtain the Weyl law of the graph from the secular equation of Theorem 3 we must sum the eigenvalues associated to each j, noting that for 1 ≤ j ≤ n−1 2 each eigenvalue has multiplicity two. Every graph also has the Dirichlet eigenvalues 2mπ/ h for m ∈ N and when n is even (2m + 1)π/ h is also in the Dirichlet spectrum along with the roots of p n/2 . Then putting the bounds on the eigenvalues for each j together we obtain, 
Numerical results
One of the advantages of the secular equation given in (16) is that it allows us to easily investigate the spectral statistics numerically. The matrix M (k) is an n × n matrix in contrasted to the 2E × 2E matrix for the secular equation takes of a general graph. The secular equation (16) is also an increasing function, implying that exactly one root lies between each pair of adjacent asymptotes. The positions of the asymptotes are known so one can search for the roots efficiently on each intervals between asymptotes.
Using MATLAB, we evaluated det M (k) for randomly generated edge lengths and appropriately spaced values of k. We looked for sign changes and used the Secant method to find the roots of (16) . We examined several different circulant graphs with varying numbers of vertices and sizes of a. Using Weyl's Law, we were able to confirm that no roots were missed for up to 50000 eigenvalues. Figure 3(a) shows a typical histogram of the nearest-neighbor spacings of 50036 k values for the circulant graph C 49 (L; (3, 4, 9, 12, 15, 19, 20) ), while (3, 4, 9, 12, 15, 19, 20) with incommensurate edge lengths for 50036 eigenvalues is plotted against the Wigner surmise for the GOE distribution. (b) The corresponding integrated nearest-neighbor spacing distribution is plotted against the GOE Wigner surmise. The inset shows the difference between the distribution and the numerical data.
The spacing distributions match the spacing distribution of Gaussian Orthogonal Ensemble (GOE) of random matrices as is expected for a generic quantum graph according to the Bohigas-Giannoni-Schmit (BGS) conjecture [8] extended to quantum graphs by Kottos and Smilansky [19] .
Spectral zeta function
Many spectral properties are encoded in the spectral zeta function. A spectral zeta function generalizes the Riemann zeta function, replacing the sum over the integers with a sum over the eigenvalues. For a quantum graph with eigenvalues 0 ≤ λ 0 ≤ λ 1 ≤ λ 2 ≤ · · · such that λ i = k 2 i , the associated spectral zeta function is defined as
where the prime indicates that any eigenvalues of zero are omitted from the sum. The spectral zeta function for a quantum graph formulated in terms of the vertex conditions was studied in [13, 14] for the Laplace and Schrödinger operators respectively. Here we construct simpler formulas for the zeta function of quantum circulant graphs utilizing the secular equations found previously.
The zeta function of circulant graphs with edge symmetry
For a circulant graph with symmetric edge lengths, recall that the secular equation is the product of the p j (k) functions defined in (21) . For a fixed j, let 0 < k j0 ≤ k j1 ≤ k j2 ≤ · · · be the positive zeros of p j (k). For each j we define
where ζ j D is the sum over the Dirichlet eigenvalues corresponding to eigenfunctions transforming according to the irreducible representation S j . Recall, from Section 4.2, that (mπ/ h ) 2 is in the spectrum whenever 2ja h ≡ 0 (mod n). Then, the spectral zeta function for an edge-symmetric circulant graph is, We employ a contour integral technique introduced in [16, 17] to find an integral representation of the zeta function. To introduce the procedure we start by finding a representation of ζ 0 (s) from p 0 (k). Recall that p 0 (k) = 2 d h=1 tan (k h /2). Let us define a function
where z = k + it ∈ C. Then the zeros of f 0 are zeros of p 0 , except for the zero at the origin which has been removed. We use the argument principle to write ζ 0 (s) as a contour integral. Let C be a contour which encloses the zeros of f 0 (z) and avoids its poles, as shown in Figure 4(a) . Then,
We can deform the contour C to a contour C , shown in Figure 4(b) , which lies along the imaginary axis with a loop around each pole. Then it is natural to write where ζ 0 I (s) is the contribution to (51) from the integral along the imaginary axis and ζ 0 P (s) is the contribution from the poles of f 0 (z). Applying the residue theorem,
Combining this with ζ 0 D ,
where ζ R (s) is the Riemann zeta function. Now, consider the integral along the imaginary axis,
wheref 0 (t) = d h=1 tanh (t h /2). Looking at the asymptotic behavior off 0 (t)/t,
Therefore d dt logf 0 (t)/t is proportional to t near zero, and d dt logf 0 (t)/t is asymptotic to 1/t as t → ∞. Consequently, the integral representation (55) holds in the strip 0 < (s) < 1.
To obtain an analytic continuation of ζ 0 I (s) valid for (s) ≤ 0, we can split the integral in (55) at t = 1 and develop the integral over (1, ∞), so
which converges for (s) < 1.
Integral representation of ζ j (s)
For other values of j we follow the same procedure. Let
for each 1 ≤ j ≤ (n − 1)/2. Observe that the zeros of f j (z) again correspond to the zeros of p j (k), with now a pole removed at the origin. Note that in this case, f j (it) = −tf j (t). We represent ζ j with a contour integral,
and again use the contour transformation from C to C (See Figure 4(b) ). We may now write
The integral along the imaginary axis in this case becomes
which is defined for 0 < (s) < 1. Again splitting the integral at t = 1,
which is an analytic continuation valid for (s) < 1.
To find ζ j P (s), we must determine the poles of f j (z). In general, these occur for z = mπ/ h , since these are roots of sin(z h ) = 0. However, whenever 2ja h ≡ 0 (mod n) a set of poles are removed, but each pole that is removed is replaced by a Dirichlet eigenvalue. For a fixed j, define the set
the set of values of h for which there are Dirichlet eigenvalues rather than poles. If n is odd, n/2 is not an integer, and for each h ∈ H j , ja h ≡ 0 (mod n), so we only gain Dirichlet eigenvalues corresponding to even integers. Then,
and
Combining equations (65) and (66),
If n is even, it is possible that ja h ≡ n/2 (mod n) or ja h ≡ 0 (mod n). Note that if ja h ≡ 0 (mod n), then ζ j P and ζ j D are again defined by equations (65) and (66). However, when ja h ≡ n/2 ( mod n), we gain Dirichlet eigenvalues corresponding to odd integers. Then,
Combining equations (68) and (69) we again obtain (67). Finally, when n is even, we must consider zeros of the function p n/2 (k), which is defined slightly differently from the other p j (k). Let,
This case is developed in the same way as ζ 0 in the previous section, ultimately yielding
where (s) < 1. It can also be shown that the sum of the contributions from the poles and the Dirichlet eigenvalues for j = n/2 is given by equation (67).
Full spectral zeta function
Summing the functions for each j according to equation (46), we obtain the spectral zeta function of a quantum circulant graph with edge length symmetry.
Theorem 6. For the Laplace operator on a quantum circulant graph C n ( , {a 1 , . . . , a d }) with symmetric edge lengths and standard vertex conditions, the spectral zeta function for (s) < 1 is
when n is odd and
when n is even.
Spectral zeta functions of generic circulant graphs
A similar method can be used to obtain the spectral zeta function of a quantum circulant graphs with incommensurate edge lengths. Recall that the secular equation for such a graph is det M (k) = 0 (75)
where the n × n matrix M (k) is defined by
see equations (14) and (15) . We again define a complex-valued function whose zeros match those of det M (k) and use the argument principle to express the zeta function as a contour integral. Let
where z = k + it ∈ C. The zeros of f correspond to the roots of the secular equation, and multiplication by z n−2 removes the zero at the origin. The zeta function is expressed as the contour integral,
where C encloses the positive zeros of f and avoids poles. Deforming the contour C to C and the zeta function can be written as the sum of residues at the poles of f and an integral along the imaginary axis,
The poles of f occur when z = mπ/L i,j , and so ζ P (s) = ζ R (2s)
If we define a functionf (t) = detM (t) whereM (t) is
then t n−2f (t) = f (it). So the integral along the imaginary axis can be written,
Note that t nf (t) = det[tM (t)] ∼ ct 2 + O(t 4 ) as t approaches zero, since the expansions of coth(t) and csch(t) contain only odd powers and det[tM (t)] tends to zero. Without loss of generality we can assume c = 0 as if it was zero for some choice of edge lengths it can be made non zero by an arbitrarily small perturbation. Hence, the integral in equation (82) converges for 0 < (s) < 1.
To obtain an analytic continuation valid for all (s) < 1 we can again split the integral at t = 1 and develop the integral over (1, ∞),
From this, we obtain the main result of this section.
Theorem 7. For the Laplace operator on a quantum circulant graph C n (L, {a 1 , . . . , a d }) with standard vertex conditions, the spectral zeta function for (s) < 1 is
2s .
(84)
Spectral determinant
The spectral determinant of a linear operator is formally the product of its eigenvalues. For the Laplace operator ∆, we can use the zeta function to define a regularized spectral determinant,
Spectral determinant of circulant graphs with edge symmetry
From the zeta function for a quantum circulant graph with edge symmetry, Theorem 6, one can compute the spectral determinant. Taking the derivative of ζ(s) for odd n and evaluating at 0,
where L = n d h=1 h is the total length of the graph. The case where n is even follows similarly, giving us the following result. 
where d is the number of elements in a, E = nd is the number of edges, and L = n d h=1 h is the total length of the graph.
Spectral determinant of generic circulant graphs
Similarly we can use Theorem 7 to compute the spectral determinant of a generic quantum circulant graph. 
where d is the number of elements in a and c is the first nonzero coefficient in the expansion of det[tM (t)] near zero.
Proof. Note that
wheref (t) = detM (t) as defined in (81). As t → ∞,M (t) ∼ −2d1 n , and sof (t) ∼ (−2d) n . To evaluate t n−2f (t) as t → 0, recall that t n detM (t) ∼ ct 2 + O(t 4 ), since the constant term in the expansion must be 0. The first nonzero coefficient in the expansion is c. Note that the expansion is straightforward to compute for any given graph.
Vacuum energy
Another application of the spectral zeta function is to define a regularized vacuum (Casimir) energy associated with the graph [13, 14] . Graph vacuum energy was also studied in [10, 4] . The vacuum energy is formally a sum of the square roots of the eigenvalues of the Laplacian,
The zeta regularized vacuum energy is then defined as,
Vacuum energy of circulant graphs with edge symmetry
We use the zeta function in Theorem 6 to compute the vacuum energy of a symmetric circulant graph.
Theorem 10. The vacuum energy of the Laplace operator of a quantum circulant graph C n ( , a) with symmetric edge lengths and standard vertex conditions is, 
Conclusions
We introduced a class of quantum circulant graphs that generalize the widely studied class of quantum star graphs. The spectral properties of quantum circulant graphs can be studied using similar techniques to those employed on star graphs where we develop two extensions of the star graph secular equation to circulant graphs depending on whether the metric respects the symmetry of the circulant graph. Interestingly, in the case of the circulant graph with a symmetric metric the same result can be obtain from a quotient graph method which has been employed in a number of recent articles identifying graphs with unusual spectral properties [2, 22, 15] . As an application, we develop the spectral zeta function of circulant graphs with and without edge symmetry . The spectral zeta function provides new results for the spectral determinant and vacuum energy of the families of circulant graphs. Many spectral results have been obtained for star graphs that have not been reproduced on generic graphs by exploiting the simple form of the secular equation, see e.g. [5, 3, 6] . The secular equation for both formulations of circulant graphs is seen to maintain important properties of the star graph formulation. The expectation is that this may be enough to extend some of the spectral results obtained for star graphs to larger families of circulant graphs which would be more generic than star graphs.
